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Abstract. In this paper we establish some estimates of the right hand side 
of a Hermite-Hadamard type inequality in which some quasi-convex functions 
are involved. 



1. INTRODUCTION 

Let / :7cE->lbea convex function defined on the interval / of real numbers 
and a,b£ /, with a < b. The following inequality, known as the Hermite-Hadamard 
inequality for convex functions, holds: 

/(^)<J- /*/(^< /(0) + /(&) 



b-aJ a Jy ~ 2 

In recent years many authors have established several inequalities connected 
to Hermite-Hadamard 's inequality. For recent results, refinements, counterparts, 
generalizations and new Hermite-Hadamard type inequalities see [2.1, 4| and [5]. 

We recall that the notion of quasi-convex functions generalizes the notion of 
convex functions. More precisely, a function / : [a, b] — > M. is said to be quasi- 
convex on [a, b] if 

f(Xx + (l~X)y) <max{/(a;), /(y)}, 
for any x, y £ [a,b] and A £ [0,1]. Clearly, any convex function is a quasi-convex 
function. Furthermore, there exist quasi-convex functions which are not convex 
(seeE). 

Recently, D.A. Ion [3] established two inequalities for functions whose first deriva- 
tives in absolute value are quasi-convex. Namely, he obtained the following results: 

Theorem 1. Let f : 1° C R — > K be a differ entiable mapping on 1° , a,b £ 1° with 
a < b. If\f'\ is quasi-convex on [a,b], then the following inequality holds: 

f(a) + f(b) 1 



f(u)du 



< b —^{ m ^\f'(a)\,\f'(b)\}. 



Theorem 2. Let f : 1° C R — > K be a differentiate mapping on 1° , a,b £ 1° with 

p 

a < b. If |/'| p_1 is quasi-convex on [a,b], then the following inequality holds: 

fia) + m 1 '*»-" - <-^H{|/»|A,| m |A})^. 



f{u)du 
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In pp, Alomari et al. obtained the following results. 

Theorem 3. Let f : 1° C [0, oo) -slfca differentiable mapping on I°such that 
f G L[a,b], where a, b G 1° with a < b. If |/'| is quasi-convex on [a,b], then the 
following inequality holds: 



(1.1) 



/(«) + /(&) 



b- 



f(u)du 



< 



, f a + b 



!/'(«)! 



Theorem 4. Let f : 1° C [0, oo) — > R fee a differentiable mapping on I°such that 

p 

f G L[a, 6], where a, 6 G 1° «/it/i a < b. If\f'\ p ~ 1 is quasi-convex on [a, 6], /orp > 1 
i/ien t/ie following inequality holds: 



(1.2) 



/» + /(&) 



1 



b — a 



f{u)du 



< 











(p+l) 


^max ^ 







Theorem 5. Let / : 7° C R — > M be a differentiable mapping on 1° , a, b G 1° with 
a < b. If \ f'\ q is quasi-convex on [a,b],q > 1, then the following inequality holds: 



(1.3) 



/(*) + /(*>) 



1 



b — a 



f{u)du 



< 



b — a 



max 



,,a + 6, 



./"( 



The main purpose of this study is to generalize the Theorem 3, Theorem 4 and 
Theorem 5 for quasi-convex functions using the new Lemma. 



2. HERMITE-HADAMARD TYPE INEQUALITIES 

Lemma 1. Let / : / G R — S- R fee a differentiable mapping on 1° where a,b G I 
with a < b. If f G L[a,b], then the following equality holds: 



(b-x)f(b) + (x-a)f(a) 



1 



f{u)du 



(x — a) 



2 /■! 



b-a jo 



(t- l)f(tx+(l-t)a)dt 
{b-xf << 



b — a 



{l-t)f'{tx + {l-t)b)dt. 
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Theorem 6. Let f : 1° C R — > M fee a differentiable mapping on 1° , a, 6 G 7° wii/i 
a < b. If \ f'\ is quasi-convex on [a,b], then the following inequality holds: 



(b-x)f(b) + (x-a)f(a) 



b-, 



f{u)du 



^— ^max{|/'(x)|,|/'(a)|} 



2(6 -a) 

(6 - x) 2 
+ 2(fe- a) 



max{|/'(x)|,|/'(fe)|}. 



Proof. From Lemma 1, we have 

(b-x)f(b) + (x-a)f(a) 



< 



(x — a) 



b — a 
2 r 1 



f{u)du 



+ 



b — a 

(b-x) 2 '•' 



< 



b — a 
(x-a) 2 



b — a 

b — a 
{x - a) 2 



b — a 

(l-i) \ f'{tx + {l-t)a)\dt 

(1 -t) \f'(tx+{l-t)b)\dt 
(l-t)max{|/'(a:)|,|/'(o)|}dt 
(l-i)max{|/'(z)|,|/'(6)|}dt 



b — a 
(b-x) 2 

(a: - a) 2 



max{|/'(x)|,|/'(a)|} / (1 - t)dt 



t{\f'(x)\,\f'(b)\} / (l-t)dt 



2(6 -a) 
(6-x) 2 



ma X {|/'(z)|,|/'(a)|} 
llia x{|/'(x)|,|/'(6)|}, 



2(6 -a) 
which completes the proof. 

Remark 1. In Theorem 6, if we choose x = ^±±, we obtain inequality. 



□ 



Theorem 7. Lei / : 1° C K — > K fee a differentiable mapping on 1° , a,b <E 1° with 

p 

a < b. If |/'| p- 1 is quasi-convex on [a, b],p > 1, i/ien i/ie following inequality holds: 



(b-x)f(b) + (x-a)f(a) 



< 



b — a 
(x-a) 2 ( 1 



f(u)du 



b — a \p + 1 
(b-x) 2 ( 1 



max 



fe — a \p + 1 



max 



6 — a 

{|/'(x)|^,|/'(6)|^}) V 



where q — p/(p — 1). 
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Proof. From Lemma 1 and using well known Holder inequality, we have 



(b-x)f(b) + (x-a)f(a) 1 



< 



b — a 
(x-af I" 1 



b-a J 
(b-xf ^ 



< 



< 



b 


— a 


(x- 


af / 


b- 


a \ 




-xf 




— a 


(x- 


af / 


b- 


a \ 




-xf 




— a 


(x- 


af / 


b- 


a \ 




-xf 




— a 



b — a 

(1 -t) \f'(tx + (l-t)a)\dt 
(l-t)\f(tx + (l-t)b)\dt 



f{u)du 



2 / rl 



(1 - t) P dt 
(1 - tfdt 

(1 - tfdt 
(1 - tfdt 



\f'(tx + (l-t)a)\~ dt 
\f(tx + (l - t)b)\^ dt 

max { |/'(ar) | ^ , |/'( ) | ^ } dt 

l — 
max{|/'(x)|^,|/'(fe)|^}^ 

{\f'(x)\^,\f'(a)\^}] 



where | + | = 1, which completes the proof. 



□ 



Remark 2. In Theorem 1, if we choose x = s±k, we obtain H1.2\) inequality. 



Theorem 8. Let f : 1° C R — > M be a differ entiable map-ping on 1° , a,b £ 1° with 
a < b. If \ f'\ q is quasi-convex on [a, b],q > 1, then the following inequality holds: 



(b-x)f(b) + (x-a)f(a) 1 



f{u)du 



■ l^l!(max{|/'(x)|M/'(a)r})^ 



2 (6 -a) 

(b-x) 2 
+ 2(b-a) 



■{\f'(x)\ q ,\f'(b)\ q }) 
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Proof. From Lemma 1 and using the well known power mean inequality, we have 
(b - x)f(b) + (x- a)f(a) 1 



< 



b — a 
(x-a) 2 r 1 



b — a 

(b-x) 2 '■' 



< 



b - a J Q 

(x-a) 2 ' ^ 



b — a 

(l-t)\f(tx+(l-t)a)\dt 

(l-t) \f'(tx+(l-t)b)\dt 
l-i 



f(u)du 



b — a 

(b-x) 2 ' '■' 
b — a 



(l-t)dt) / (l-t)\f'(tx + (l-t)a)\ q dt 



(l-t)dt) / (l-t)\f(tx + (l-t)b)\ q dt 



Since |/'| is quasi-convex we have 



and 



(1 - t) \f'(tx + (1 - t)a)\ q dt<- maxll/'^)! 9 , 



(1 - t) \f'(tx + (1 - t)b)\ q dt<~ max{|/'(ar)|* , 



Therefore, we have 
(6 - x)f(b) + (x- a)f(a) 1 



b-. 



b — a 



f(u)du 



• ^-^l!fmax{|/'(x)|M/'(a)r})^ 



2(b -a) 

(b-x) 2 
2(b-a) 



+ 



(max{|/'(x)|M/'(6)| 9 })^ 



□ 



Remark 3. In Theorem 8, if we choose x — we obtain U.3\) inequality. 
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